We construct explicitly a subgroup of nite minimal index and minimal rank in ZG which is a direct products of free groups for each nite group G for which this is possible.
In a series of three papers ( 5] , 9] and 6]) Leal, Jespers and the rst author characterized the groups G such that ZG contains a subgroup of nite index which is a direct product of free groups. In those papers the existence of such a large subgroup of ZG is proved theoretically. Let G be a group satisfying the mentioned property. The aim of these paper is to construct explicitly a subgroup of ZG which is a direct product of free groups and of minimal index in ZG. We start with some notation:
The cyclic, dihedral and quaternion groups of order m are denoted by C m , D m and Q m respectively.
Let G be a group and R a ring. Then R denotes the group of units of R and RG the group ring of G with coe cients in R. We hgi. The augmentation map is denoted by ! : ZG ! Z. If H is a normal subgroup of G then 4(G; H) = Ker ! H is the augmentation ideal modulo H. We set 4(G) = 4(G; G). The rank of G, denoted by r(G), is the minimum of the cardinalities of the generating subsets of G. Set G = Hom(G; Z) and let inv : G ! G denote the map given by g 7 ! g ?1 .
If K is another group and ' : G ! Aut(K) is a group homomorphism, then K o ' G denotes the corresponding semidirect product.
The non abelian nite groups G such that ZG contains a subgroup of nite index which is a direct product of free groups, are of the form G = H Z where Z is an elementary abelian 2-group and H is of one of the following types ( and (x) = (y) = inv.
All throughout this paper G = H Z where Z is an elementary abelian 2-group and H is of one of the types (a)-(i). The letter n is reserved to denote either the number of y's for the groups of types (b)-(g) or the rank of U for the groups of type (h) and (i). The rank of Z is always denoted by k.
Our aim is to nd a concrete subgroup F = F 0 Q n i=1 F i of nite index of ZG, such that F 0 is free abelian and F i is free nonabelian and optimal in the sense that the index of F in ZG is minimal among all the possible subgroups of ZG which are a direct product of free groups . There is a natural way to obtain such a group if we do not impose the optimal condition. For every primitive central idempotent e of QG one of the following conditions holds:
(A) QGe is isomorphic to Q, an imaginary quadratic extension of Q or a totally de nite quaternion algebra over Q. (B) QGe is a totally de nite quaternion algebra over a real quadratic extension of Q.
(C) QGe is isomorphic to M 2 (Q). Let A, B and C be the sets of primitive central idempotents of QG of types (A), (B) and (C) respectively and I = A B C. For Proof. The proof is done separately for each case. The rst step in each case is to identify the elements of C. We leave this part to the reader. Then for each e 2 C one has to make a good selection of a and b. This selection induces a ring isomorphism : QGe ! M 2 (Q) and using this isomorphism one identi es (F e ) which happen to be the free subgroup of the modular group in the proposition. Cases (a)-(g) are very similar. We only do case (c) and let the reader check that similar arguments work for the remaining cases. Cases (h) and (i) are also similar so we only do case (i).
Assume that H is of type (c) and let e = e S;'; 2 C as in (1.ii so that by similar arguments as in the previous paragraph one shows that (F e ) = 3 (2 k+2 3 n?1 ). The ranks can be computed as in the previous case.
The classical quaternion algebra over an arbitrary ring R is denoted by
In order to prove statement (3) 2 k 3 n = ij 2 k 3 n?1 2 Z: Therefore 2 k 3 n?1 j ij and hence uf 2 f + 2 k 3 n?1 ZGf is a unit of ZGf. If n > 1, then uf = f. Assume now that n = 1. Since we are assuming that G 6 = C 3 o C 4 , then k 1 and we argue as at the end of the previous paragraph to prove that uf = f. This nishes the proof of Claim 2. Now we prove that e F 0 \V F 0 . By Claim 1, the result is obvious unless H is of type (h) and the order of x is 4. In this case if G 6 = Q 12 , then the cardinality of C is greater than 2 and the result is a consequence of Claim
2.
Now we prove e F e \ V F 0 F e for every e 2 C. If H is neither of type (g) or (i), then B = ; and hence the Lemma is a direct consequence of Claim 2.
Assume now that H is of type (g) and G 6 = Q 16 , so that either n > 1 or k > 0. Jordan form of ae one can prove easily that either ae is central in QGe or the centralizer of ae in M 2 (Q) is abelian. Therefore ae is a unit in the ring of integers of the centre of M 2 (Q) and hence ae = e. Now we can prove Theorem 1.2. Let E = E 0 Q j2J E j be a subgroup of nite index of ZG so that E 0 is free abelian and E j is free nonabelian for every j. By Lemma 3.3, there is a map : J ! C such that for every j 2 J there is an (j) 2 C so that E j (j) is nonabelian and E 0 (j); E j 1 (j) f (j)g, for every j 1 6 = j. This implies that E j \ F (j) contains a subgroup of nite index of F (j) . Plainly is injective. Let now e 2 C. Then F e \ E is a subgroup of nite index of F e and therefore F e \ E is free non abelian. Thus F e \ E j is non abelian for some j 2 J and then F e \ E j 0 = 1 for every j 0 6 = j. This implies that the cardinality of C and J coincides and is a bijection. From now on we identify J and C and consider as an equality, so that for every two di erent elements e and f of C, E e e is non abelian and E e f = f.
Then E 0 \ e F 0 and F 0 are subgroups of nite index of e F 0 and therefore they have the same rank. Since the former has also nite index in E 0 , then r(E 0 ) = r(F 0 ).
If a 2 E e , then a = vg for some v 2 V and a trivial unit g 2 G. Then for every f 2 C n feg, f = af = vf gf. Therefore r ? 1 f(E e ) : F e \ f(E e )] = r(f(E e )) = r(E e ):
